Introduction
Turbulence is generally considered one of the unresolved phenomena of physics. This means that there is not one model that describes the appearance and maintenance of turbulence in all situations where it appears. Because of the technical importance of turbulence, models based on correlations of particular experimental data have been developed to a large extent.
The task to develop a general turbulence model is challenging since turbulence appears almost everywhere: Flows in rivers, oceans and the atmosphere are large scale examples. Flows in pipes, pumps, turbines, combustion processes, in the wake of cars, airplanes and trains are some technical examples. Even the blood flow in the aorta is occasionally turbulent. In fact, one can say that turbulence is the general flow type on medium and large scales whereas laminar flows appear on small scales, and where the viscosity is high. For example, the flow of lubricating oils in bearings is laminar.
Before we discuss the technical aspects of turbulence it is necessary to state its main kinematic characteristics. In the list below, some flows may have one or two features but turbulence has all three.
Irregularity. Observing structures in the flow from a smoke stack, or measuring the velocity in a pipe flow, show that any particular pattern never repeats itself. This randomness suggests that a statistical treatment of turbulence is worthwhile. In fact, statistical quantities such as mean values, correlations etc. are generally repeatable and make statistical theories attractive.
Mixing.
A case of randomness is the deflection of a water surface due to wind. However, in this flow fluid particles stay largely in one place which they do not in a stirred cup of coffee.
Thus, mixing is a prominent feature of turbulence and involves mixing of particles and all physical quantities related to particles i.e. heat, momentum etc. In addition to these kinematic characteristics, we may also add some features of turbulence that help to decide when to expect its appearance and judge its physical significance.
Large Reynolds number.
Typical for all turbulent flows is that a relevant Reynolds number (UL/ν) for the flow is large. It is the objective for stability theory to determine the critical Reynolds number over which turbulence may appear. This is a part of the turbulence enigma.
Dissipation. Turbulent flows loose mechanical energy due to the action of shear stresses (dissipation) at a much larger rate than laminar flows. The flow losses are much larger. The energy is converted into internal energy and thus shows up as an increase of temperature.
Without a continuous supply of energy, turbulence decays (cf. the stirred coffee in a cup when the spoon is removed).
Continuum. The smallest scales of turbulence are generally far larger than molecular length scales. Turbulence is therefore a continuum phenomenon, and should be possible to describe by the equations of motion of fluid mechanics. For the analysis of turbulence phenomena we use the equations of motion (continuity, momentum and energy) but the added complexity of randomness makes statistical tools necessary. Mathematically, we will make frequent use of tensor notation in writing the equations of motion. This simplifies the derivations and reduces the writing considerably. A powerful tool is also dimensional analysis which relates the ingredient variables through their dimensions. With simple assumptions about the flow very far-reaching conclusions can be drawn with dimensional arguments. We will use this technique mainly when deriving the smallest dissipative scales in turbulence, the Kolmogorov microscales.
In choosing specific flows to analyse, we pick wall bounded turbulent flows (channel flow) for which analytical results may be derived and some crucial concepts appear. The next step would be to treat 'free' turbulence (wakes, jets and free shear layers) where just a modest level of turbulence modelling (eddy viscosity) leads to surprisingly useful results. The further steps of turbulence modelling and the modern approach of direct numerical simulation of turbulence (DNS) are treated at the graduate level.
Reynolds' decomposition
Typical signals from measurements of velocity components near a solid wall are shown in figure 2.1. The data illustrate the randomness of the signal but one can generally produce a 
This splitting of a turbulent signal is denoted Reynolds′ decomposition of a turbulent flow.
Equations for the mean flow
To describe the average and dynamic properties of turbulent flows, use is made of the basic conservation laws of fluid mechanics, i.e. the equations for mass, momentum and energy.
These relations have in general to be complemented with a state condition for the fluid.
In this text we will not treat energy through the thermodynamic energy equation but restrict the study to the kinetic energy. This can be done without invoking thermodynamics but rather by multiplying the momentum equation with a suitable velocity component.
Continuity
In this presentation we will assume the flow to be incompressible i.e.
Using the decomposition in (2.2a), it is deduced that the following relations apply for the mean flow and the fluctuations:
and u′ i,i = 0 (3.3)
Thus, both the mean flow and the fluctuations satisfy the incompressible condition.
Momentum
We first formulate the averaging process for the general momentum equation and then specialize to the Navier-Stokes equations. Thus, we have
where F i is a mass force (typically g) and σ ij is the stress tensor.
Using the decomposition in (2.2a) for u i and applying the averaging process (2.1) the left hand side of (3.4) becomes
In the averaging process, the two terms involving only one primed quantity become zero so only the mean term and the doubly primed term remain. Using continuity, the last term can also be written as
For the stress tensor we have
, where Σ is the time-average. The average of the fluctuating part depends on the particular (rheological) model that is used to describe the relation between the stress and the velocity field. As we will consider only Newtonian fluids, the stress is linearly related to the velocity gradient. Thus, averaging gives
Combining (3.4)-(3.7) then result in the following equation for the average quantities ( )
where the term (3.6) has been moved to the right hand side so that a physical interpretation of its significance can be given. For the particular case of an incompressible Newtonian fluid, the stress depends on the pressure and the velocity gradient through
where μ is the dynamic viscosity. For the mean flow this reduces to
Dividing through by ρ, we obtain the momentum equation for a Newtonian fluid that will be used frequently in the sequel.
( )
Often, the mass force is neglected.
Kinetic energy
If we multiply (3.11) by U i , neglecting F i and using continuity, the following terms are obtained ( )
Collecting the terms (3.12)-(3.15) we obtain
The terms in (3.16) have been arranged so that a physical interpretation is possible. The left hand side is the advected variation of the kinetic energy. On the right hand side, the first term is denoted a transport term since an application of Gauss' theorem shows that it is only the changes at the surfaces that contribute to this term. The second term contains only squared terms and because of the minus sign, it represents a loss of kinetic energy due to viscous dissipation. The last term represents either a gain or a loss of kinetic energy and shows how the Reynolds stresses, together with the mean shear, act to change the kinetic energy of the mean flow.
Equations for the turbulent fluctuations
Since the Reynolds' stresses contain the turbulent fluctuations, it is necessary to derive equations also for the development of these quantities. We will do this in a general form and in the next chapter specialize to plane channel flow.
Momentum
The instantaneous velocity and pressure fields (2.2) must satisfy the momentum equation so
Here, the average (capital letters) satisfy (3.8) so a subtraction of this equation gives the equation for the turbulent quantities:
For a Newtonian medium 
Kinetic energy
If we multiply eq. 
where . This gives a physical significance to the Reynolds stresses: they act together with the mean shear (U i,j ) to transfer kinetic energy between the mean flow and the turbulent fluctuations.
The last term in (4.4) is always negative and represents viscous dissipation, generally denoted ε.
Turbulent channel flow
In this section we will write the momentum equation in the simple (but important!) geometry of a plane channel flow. The mean flow is driven by a pressure gradient in the x-direction (cf figure 5.1) and after a certain distance from the channel entrance we assume the flow characteristics to be independent of x ('fully developed flow') and z (2D). The condition V = 0 follows from continuity assuming U independent of x.
Momentum equation
The two components of Reynolds' equation for the mean flow (3.11) become, It is observed that the linear relationship (5.13) holds in almost 70% of the channel and is thus a surprisingly good approximation to (5.12). Closer to the wall, however, another balance exists between the terms in (5.12). In particular, the viscous term must be important and it can be incorporated by another scaling of (5.12). 
Inner scaling: Scaling with ν / (and )
.
Turbulence production
According to (4.4), the production of turbulent kinetic energy is given by The minus-sign in (5.18) needs a comment. If we consider the lower half of figure 5.1 and let a fluid particle move upwards, its v′ component is > 0. But, since the particle starts from a region with lower mean velocity it will cause a negative u′ where it ends up. Thus, the product u′v′ is negative and, since dy dU > 0, there will be a production of turbulent energy due to this motion. A similar argument for a particle moving downward also gives a positive production.
We can now use the results of the inner scaling to estimate where the maximum turbulent production is to be expected. Close to the wall, (5.11) reduces to
Seen as a function of U′, (5.20) can be differentiated to give optimum (maximum) for P. We
there is maximum in P which becomes
Since is the wall-value of U′, (5.21) shows that P max occurs where this value is halved.
The only thing that must be asserted with this analysis is that the maximum point actually lies within the wall region so that (5.19) is valid. Before this can be asserted, some knowledge of the velocity profile is necessary. In section 5.2 we derived the condition for maximum turbulence production assuming this to be in the near-wall region and showed this to be where U′ = ν * 2 / u 2 . Expressed in wall variables this may also be written as dU + /dy + = 1/2. For the linear profile closest to the wall, dU + /dy + = 1 and in the logarithmic region dU + /dy + = 2.44/y + . Thus we conclude that the value 1/2 is obtained in a point between these two regions confirming the assumption that the maximum turbulence production is obtained in the near wall region. It turns out that maximum turbulence production occurs at y + ≈12-15.
Kolmogorov microscales
Turbulence is generated at fairly large scales but due to non-linear interactions smaller and smaller scales are involved. At the smallest level, the energy is lost to viscous dissipation and it was originally suggested that this process was isotropic, i.e. does not have a preferred orientation. At this level, the scales should be governed by viscosity (ν) and the dissipation rate (ε) only. These quantities have dimensions m 2 /s and m 2 /s 3 , respectively, so the design of length, time and velocity scales based on these quantities is straight forward and yield the following set:
Length scale: A couple of points related to these scales are of interest.
• The Reynolds number based on the microscales is equal to unity.
• For turbulence in balance, the dissipation rate must be equal to the energy transfer from the largest scales, where energy is put in. By knowing the energy input in e.g. a stirring process it is thus possible to determine the microscales.
Turbulence structures
Starting in the 1960s, much research in turbulence has been directed to find structures and events that have some deterministic features. One such process is the so-called bursting process in the near-wall region. During this event most of the turbulence energy is produced.
The sequence is depicted in figure 9.1. The starting point is the appearance of longitudinal (low-speed) streaks on which develops 3D and highly unstable structures (hairpin vortices).
An underlying idea is that the appearing distortion of the mean profile produces an inflexion in the profile which, from linear stability theory, is known to be unstable. However, later stability research has established that other mechanisms may be active; one is the process of transient growth which is able to explain the appearance of the longitudinal streaks. (1967) 
